New invariants for a Riemannian manifold are defined as Lyapunov exponents of a stochastic analogue of the geodesic flow. A lower bound is given reminiscent of corresponding results for the geodesic flow, and an upper bound is given for surfaces of positive curvature.
LYAPUNOV EXPONENTS FOR A STOCHASTIC ANALOGUE OF THE GEODESIC FLOW
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ABSTRACT. New invariants for a Riemannian manifold are defined as Lyapunov exponents of a stochastic analogue of the geodesic flow. A lower bound is given reminiscent of corresponding results for the geodesic flow, and an upper bound is given for surfaces of positive curvature.
For surfaces of constant negative curvature a direct method via the Doob rt-transform is used to determine the full Lyapunov structure relating the stable manifolds to the horocycles.
Introduction.
In [3, Theorem 2.1] Carverhill defines the Lyapunov spectrum and filtration for the flow of a smooth stochastic dynamical system (SDS) on a smooth compact Riemannian manifold (see Theorem 1 below) . This is a generalisation of the work of Ruelle [25] (see also [21, 24] ) for a deterministic system. See [10] (also [6] ) for a detailed discussion of stochastic systems and their flows, or [1] for an introductory article. Associated to a smooth Riemannian manifold M is an SDS on the orthonormal frame boundle OM, called the Canonical SDS for M, and which is described in Elworthy [10, Chapter 7, Example lA(iii), p. 112] (see also references on p. 157 of [10] , and Sunada [27] ). It seems that the Canonical SDS is the simplest stochastic system which can be 'canonically' defined given the Riemannian structure, i.e. without an arbitrary choice of additional structure on M. Our aim in this paper is to study the Lyapunov spectrum and filtration for the Canonical SDS.
Since our system is canonical in the sense above, it follows that the spectrum and filtration are determined by the Riemannian structure on M. In Theorem 1 below we state Theorem 2.1 of [3] as it applies to the Canonical SDS.
The following theorem gives the definition and existence of the Lyapunov spectrum and filtration for the Canonical SDS. Given u, the dimensions of the subspaces in the filtration are independent of oj for (u, oj) E T. We define the multiplicity of Au t° be dimVfu n -dimVf^"^ for such oj.
PROOF. Note that M being compact implies that OM is compact; therefore this result follows from [3, Theorem 2.1], except that as we have stated that Theorem, the spectrum can depend on oj E fi. However, if v is ergodic, then the spectrum (and its multiplicities) are independent of u and oj, and since any invariant measure is a combination of ergodic measure, which are supported on disjoint (though perhaps not closed) sets (see Yosida [28, Chapter 13 , §4], also [3, §1.2]), we can deduce that the spectrum above and its multiplicities (and those of [3, Theorem 2.1]) are independent of oj E fi if u is merely invariant. D The statement of Theorem 1 used a Riemannian metric on OM. Since OM is compact for M compact the choice of metric was unimportant.
However we will often use the natural metric, or Sasaki metric, of OM. This is defined using the connection on OM by requiring that for each u of OM the horizontal and vertical tangent subspaces of u are orthogonal, that Tuir is isometric on the horizontal subspace, and that the connection form maps the vertical subspace at u isometrically onto the lie algebra o(n) with its usual (Hilbert-Schmidt) metric. This metric is clearly invariant under the action of isometries of M and the right action of 0(n), as is the corresponding measure: the Liouville measure (or Liouville volume).
The construction of the Canonical SDS is analogous to that of the ordinary dynamical system (vector field) A on TM (or the sphere bundle SM), whose flow is the geodesic flow: A is defined such that for each v E TM (or SM), A(v) is the horizontal lift to TTM (or TSM) of v with respect to the Riemannian connection on TM. Thus, our aim is analogous to the study of the Lyapunov spectrum for the geodesic flow on TM (or SM) for which see [1, 27] .
It will be seen that many of our techniques and results are also analogous. For instance in §2 we show that the flow of (X, B) preserves the Liouville measure on OM, and the Lyapunov exponents sum to zero. Also in §5 we show that we can give a full description of the Lyapunov spectrum and filtration when M is the hyperbolic 2-space. Note however that our approach to the question of ergodicity of the flow of (X, B) (see §3) is different from the approach of [1] for the geodesic flow.
The following description of (X, B) and its flow, in terms of the connection on TM, will be useful in the sequel (see Elworthy [10, Chapter 7 , §11], also [27] ):
Denote by {ei,...,e"} the standard basis in R™. We will sometimes express an orthonormal frame u: Rn -> TXM as (i¿i,... ,un), where u¿ = u(et), which is an orthonormal base in TXM. Denote the vector field fí(-)e¿ : OM -> TOM by X1, and its flow by £J. Then the solution £|(u) is the parallel translation of («i,..., un) along the geodesic starting from u¿. This description of Q. characterises X% completely, and hence (X, B) itself, and it follows that for any e E Rn, X(-)e is the vector field whose solution starting from a frame u is the parallel translation of (ui,..., un) along the geodesic starting in the direction of u(e).
Parallel translation of a frame u E Ox M along a geodesic starting in the direction of v E TXM can be interpreted as rolling the manifold without slipping along a straight line in Rn: we start with x sitting at the origin in Rn, and lined up according to u, i.e. with e, E R" against u¿ E TXM, and we roll along the line in Rn which is lined up against v. At each time t the parallel translation (u\,... ,un) of the frame is lined up against the frame in Rn which is parallel to the standard basis at the origin. Now, take a piecewise linear approximation (X, Bn) to (X, B), where n = (0,ii.tj,.
• •)> so that for each oj E fi, B^(oj) = Bti(oj) and B^(oj) is linear between 0,íi,Í2, ---(see [10, 6] ). Then for each oj the solution to (X,Bn) starting from u E OxM is obtained by rolling M without slipping along the path B^(oj) in R", starting with x sitting at the origin, and lined up according to u. (This is the Cartan development.) The flow of (X,B) itself can be obtained from that of (X, Rn) by letting mesh (n) tend to zero. (n.b. We can only define the Cartan development along a piecewise differentiable path. This is why we must go via the piecewise linear approximation here.) PROOF. The proof is immediate from the fact that (X, B) is canonically defined with respect to the Riemannian metric.
□ For the following we should note that our requirement for a flow of an S.D.E. is that it be continuous in the space variable (almost sure smoothness will then follow automatically). we have for all h E IS(M), t > 0, u E OM that £t(oj)(Oh(u)) = OM&Mu).
PROOF. This follows from the following general lemma. t-»oo t (Here by "det" we mean the determinant of the linear map Tçt(oj)\TxN'-TXN -► TSt(u)xN, with respect to the Riemannian inner product on these tangent spaces.)
(ii) // there is a smooth measure on N whose density v is never zero, and for a.e. oj the flow Çt(oj) preserves this measure, then the sum of the exponents is zero.
PROOF, (i) In the proof of the existence of the Lyapunov spectrum [3, Theorem 2.1], we embed N in a Euclidean space, and work with the Riemannian metric on N induced from the embedding. From the proof we see that if the spectrum exists at (x,oj), then the sum of the spectral elements here is lim -logdet£[Tft(w)|riAr], t-*oo t where detE is the determinant taken with respect to the inner products on the tangent spaces, induced from the embedding. The result follows because the inner products on the tangent spaces are uniformly equivalent.
(ii) Dividing the Riemannian inner product on each TxN (x E N) by v(x)2 yields an equivalent Riemannian metric in which for a.e. oj, det[Tçt(oj)\ txn] -1 for all x, all t > 0. Therefore the result follows from part (i). D 3. Constancy of the Lyapunov spectrum.
If dim M = n > 1, then the Canonical SDS is degenerate (dim noise = n < dim OM = n + (n-l)n), and we do not know a priori whether the Markov process associated with it is ergodic, with respect to the measure p (i.e. the Liouville volume) on OM. In fact the Canonical SDS on the flat torus is an example which is not ergodic: this is clear from the fact that parallel translation of a frame cannot alter its angle of inclination. Thus, we cannot deduce from [3] that the spectrum of Theorem 1 above is independent of u E OM. Our aim in this section is to show that this is nevertheless true. The result follows essentially because the system is invariant in the sense of Lemma 3.1 below, with respect to rotations of the frame. and by A.q we mean the qth exterior power. Take any invariant measure v for the Markov process on OM associated with £t(oj). Then for u-a.e. u, and given u, for a.e. oj, we can define fg(u,w), and it is a.s.-independent of oj. For such u denote by f (u) the a.s. value of fg(u,oj). Then f (t>) exists and is equal to fq(u) for all 0 € 0*tu)M.
PROOF. The fact that / (u, oj) can be defined for (u,w) as in the statement can be deduced using the ideas of the proof of Theorem 2.1 in [3] . In fact from that proof it follows that fq(u,oj) is v ® R-a.s. invariant under the time shift $T: OM x n -> OM x Í); (u,oj) ¿» (ír(w)u, 0T(w)) (any T > 0 We now show that if 0 e On(u)M, then fQ(t>) = f9(n). Take g E 0(n) such that
Since g is an isometry TmOM -> TmogOM (any w E OM), we have
Therefore (using Lemma 3.1(h)) we have fq(u,oj) = fq(ug,g~loj) for a.e. oj, and hence (using the fact that g: fl -► fi preserves the measure P) we have / (u) = 7». □ because this Markov process is uniquely ergodic. Using this and Lemma 3.2 we see that for p-a.s. x E M, fq is constant for u E OxM: denote its value by fq(x).
We can consider fq to be an element of ¿i(M, p), and from the invariance of fq under the time shift $t on OM x fi, we can deduce that fq satisfies PTfq = fq as elements of Li(M,p), where PTfq is defined by x y-> jPr(x,dy)fq(y) (so that P* represents heat flow on M). From this and the ergodicity of p we can deduce that fq is p-a.s. constant. D COROLLARY 3.4. For any compact Riemannian manifold M there is uniquely defined a set of Lyapunov exponents with associated multiplicities, which are invariants of the Riemannian structure on M.
Note. There are also corresponding extrinsic invariants for submanifolds of Euclidean space (see [7] ).
Bounds on the exponents
for general compact Riemannian manifolds. The derivative flow T£t : TOM -» TOM is most easily described using the trivialization
where o(n) is the Lie algebra of 0(n), identified with the space of skew symmetric n X n-matrices, and 6, oj are respectively the canonical 1-form and the connection form on OM. Here ei,..., en is an orthonormal basis for R", Vo E TUoOM and ut = £t(uo) with each frame ut(oj) considered as an isometry
We use K: TM © TM -» R with corresponding K(v,-)* E TM, v E TM, and R: (TM © TM) © TM -> TM to denote the Ricci and full curvature tensor respectively (using Kobayashi and Nomizu's conventions [16] ). The scalar curvature will be written as S : M -y R.
Finally vt(oj) = ut(oj)ht(oj) = Tit o T£t(oj)(Vo) E TXtru)M is the horizontal component of T£t(w)(Va), called the 'derivative process' of Brownian motion on M in [9, 10] . It is of independent interest, being related to the heat flow of 1-forms [10, Theorem IX2C] .
Note that the Stratonovich forms of equations (la) and (lb) are We will discuss the behaviour as t -> 00 of 1/i log |i>t(w)| and use this to obtain estimates on the maximum exponent Amax of £. First we need to know that log |ut| is defined: LEMMA 4.1. // 9(Vo) ^ 0, then with probability one vt never vanishes for 0< t < 00.
PROOF. We must show that the subset Q = OM x {0} x 0(n) of OM xR"xo(n) is unattainable by (uq, ho, Aq) and will use the theory in Friedman [13, vol. II; 12] together with the fact that (u.,h.,A.) are solutions of the systems (la), (lb), and (lc) dus -X(ua) o dBa.
Since the problem is purely a local one Friedman's criteria for equations in Rn go over to the manifold case simply by taking local coordinates. Following Friedman take z = (u°,0,A°) in Q and use the noise coefficients of (la) gives unattainability immediately. In case dim M > 2 we can take a basis in Rn so that A0 has matrix consisting of 2 x 2 blocks down the diagonal and zeros. The symmmetric matrix of a = -(A0)2 will then have similar structure. In particular «¿j = 0 if 1 < i < 2 and 3 < j < n and so 'condition N' of Friedman is satisfied and the lemma is proved. D From (la), the isometric property of each us(oj) and [13] we have (7) A-> hmsup \ log W^OT ¡*to äx.
In particular when n = 2 
REMARKS, (i)
The theorem is stated in terms of the maximum exponent Amax. In fact, since fto is arbitrary, Amax can be replaced by any exponent Ar which corresponds to an element V^' , of the filtration which is independent of w almost surely (see [5, 15] ).
We can also use the formula for |At|2 which corresponds to (2) There are two special cases where (2) and (9) simplify: the case dim M = 2, and the case of constant curvature. We can take an orthonormal basis ei,e2 for R2 with Aaei = -ctse2, Ae2 = asei for some as E R. We have, for any frame u at x E M, S(x) = 2(R(uei,ue2)ue2,uei) and As = -2a3ei A e2-Thus for e = ßxex + ß2e2 E R2 and ft e R2
Rs(e A ft,Äs) = (eift2 -e2fti)(-2aa)Ra(ei A e2,ei A e2) = (Ase,h)S(x) and Ra(Äs,Ä3) = 2a2S(x) = \A3\2S(x) while K(u,v) = 7¿S(x)(u,v), u,v E TXM, so that ea(ft)(i5) = -2aes(ft)(e1Ae2) = -a3hidS(u3e2) + a3h2dS(uaei) = aS(u3A3h). License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
(ii) Equations (lia) and (lib) follow from (2) and (9) and the identities R(X, Y)Z = k((Z, Y)XX -(Z, X)XY) and K(X,X) = (n -l)k\X\2x for X, Y, Z E TXM, when M has constant curvature k (see [16, p. 203] ). D The frame bundle of the universal cover of a manifold of constant curvature has a natural Lie group structure, see §5 below. The following proposition reflects the bi-invariance of its Killing form, its proof is immediate from (11a, b). PROPOSITION 4.4. For a manifold of constant sectional curvature k we have, almost surely, (12) |At|2 + 2rc|ftt|2 = |A0|2-f2fc|ft0|2, 0<£<oo.
When k > 0 we can take |A|2 + 2k\h\2 to be the norm of (A, ft) to see (using Proposition 2.5) COROLLARY 4.4.1.
All the exponents are zero for a manifold of constant positive sectional curvature. D
In dimension 2 there is a generalization of equation (12) to the case of nonconstant curvature. 
Jo I
This gives (14) . The right-hand side is just the Stratonovich expression |Ao|2 + S(x0)|fto|2+ f \h3\2od(S(x3)) Jo so that (13) follows by integration by parts. Alternatively (13) can be derived directly from (la') and (lb'). D where {gt : t > 0} is the solution of (21) with go the identity in G.
Since this gives such a precise version of the canonical flow it can be used to give a precise description of its long time behaviour and Lyapunov spectrum [2, 18, 19] . For example since SO(n + 1) has a bi-invariant Riemannian metric the canonical flow for manifolds of positive curvature consists of isometries (for this metric transferred to OM) and so as seen in Corollary 3.4.1 all the exponents are zero. More generally the bi-invariance of the Cartan-Killing form shows that (12) is sure for this version of the flow, rather than just almost sure.
Rather than follow this approach we will restrict ourselves to the case of surfaces of constant negative curvature and show by direct arguments that the stable manifold structure is essentially the same as for the geodesic flow. However we should point out that we were first led to believe this by Guivarc'h who argued using the homogeneous space structure.
In the following theorem we define the stable manifolds for the canonical flow: Without loss of generality suppose that M has constant curvature -1. It can therefore be isometrically covered by the hyperbolic plane N and it is easily seen that any Lyapunov structure for the canonical flow of N will project to one on M via the covering map. We shall therefore work with N and express our answers in terms of isometries of N and in particular the horospheres (see [1, Appendix 21] ).
It will be convenient to consider both standard models of N. The unit disc model represents N as D -{(x,y): x2 + y2 < 1} with Riemannian metric [1 -(x2 + y2)](dx2 + dy2). Here the unit circle can be considered as the 'circle at infinity' Nqo. The upper half plane model represents N as Uc = {(x, y) : y > 0} with metric y~2(dx2 + dy2) and we use the superscript c to indicate that we have identified a particular point c of Noo with the point at infinity in the upper half plane (thus TVoc -{c} corresponds to the x-axis). Note that an isometry of N with IIe is completely determined by the choice of c E N^ and the inverse image of (0,1) E Uc. An isometry of N with D is determined by the inverse image d of (0,0) E D and the angle of inclination of a fixed half-ray from d.
In the model Uc we will consider isometries of the following type. TYPE I. Horizontal translations of Uc. TYPE II. The linear expansions, z y-y az, of Uc for a > 0.
In the model D we will consider:
TYPE III. Rotations of D about the origin.
Using these isometries it is rather easy to see that N and its frame bundle have the homogeneous space structure mentioned before: PROOF. Part (i) is a special case of Prat's result for nonconstant negative curvature, see [22, 23, 26] , and is easily seen in our case by working in either of the models D or Uc.
For (ii) it suffices to show that if c E N^,, then P j -tßzo(c,zt(oj)) -* ± Zoo(uj) = cj = 1
and for this we use the Doob ft-transform to condition z to tend to c. In fact we only need to use the simplest example of ft-transform theory because in the D model the Brownian motion of N is just a time changed Euclidean Brownian motion stopped at S1 and time changing commutes with our conditioning. As described in [8, 2X9] the Euclidean B.M. in D conditioned to exit at a E S1 is the ft-Brownian motion where ft is given by the Poisson kernel h(z) = (l-\z\2)l\a-z\2, \z\<l,
i.e. it has the law of the diffusion process with generator ^ A + V log ft. Therefore Brownian motion on N conditioned to tend to a as t -> oo is the diffusion with generator ^ An + V¿v log ft, where Ajv and V^ refer to the hyperbolic metric. In the Uc model (when c is mapped to oo) this diffusion can be given We need only consider oriented frames and a frame at (x, y) can be identified with a tangent vector to Uc at (x, y) of unit Euclidean length: with this identification we will write frames as (x,y, A) E Uc x S1. This also determines a new metric d on the space of oriented frames, namely the product of the Euclidean metric on Uc with the standard one on S1. This will be equivalent to the standard metric on the frame bundle over each compact subset of Uc, in particular over the set 
Jo
Take e > 0, by Khintchine's law of the iterated logarithm, it follows that with probability one there exists To with Kl < (1 + e)^{2r(t)loglogr(t)} for t > T0. For such t (31) -logwt < -log(l + e) + jt log2r(t) + i log log log r(t).
We claim 1151^00(1/2*) log2r(i) < \. From this we see by (28) and (31) The stable manifold through u corresponding to the negative exponent is "V(u,u) as described in Theorem 5.6.
PROOF. The most direct method to see that the top exponent is \ is to go back to equation (5) of the last section. In our case it gives log I/itI = log|ft0| + Mt -\t, where Mt -J0 (fts/|fts|, A8/|ft8| dBs). This time we can apply equation (12) to see that Mt/t -y 0 as t -» 00, so that i_1 log |ftt| -► -* as t -» 00. The result follows by using (12) again.
Since the weighted sum of the exponents is 0 there must be at least one negative exponent. Since such have corresponding stable manifolds the only possibility is -\ by Theorem 4.4 with V/ ', tangent to the stable manifold V(u,u>)-Now dim V, -, = 1 and dim V, , = 3 so that to get a weighted sum of 0 there must be an exponent 0, and it only remains to identify the two-dimensional subspace V, -, as that described in (b). To do this work in the model Uc but rather than \U,UJ) *• ' using the notation of the proof of Theorem 4.4 we will use the standard procedure of embedding the orthonormal frame bundle of N in its full frame bundle and identifying this with the product Uc x GL(2,R). Thus a typical frame is denoted by (x,y,L), where L C GL(2,R) and we will take (xo,yo,Lo) as our initial frame u. Also the tangent space at u to Type II orbit through u is spanned by 
We want to show (34) 0<lim-|ftt| <lim-|ftt| =0.
